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ABSTRACT 
 
 

1.1 DEFINITIONS AND NOTATIONS 

Let Σ𝑎𝑛  be a given infinite series𝑠𝑛as its 𝑛thpartial sum. Let 𝜆 = {λn} be a monotonic, non-

decreasing sequence of natural numbers with 𝜆𝑛+1 − 𝜆𝑛 ≤ 1 and 𝜆1 = 1 The sequence-to-

sequence transformation 

𝑉𝑛 𝜆 =
1

𝜆𝑛
 𝑠𝑣

𝑛

𝑣=𝑛−𝜆𝑛+1

 

defines the generalized de la Vallee Poissin means of the sequence  𝑠𝑛  generated by the 

sequence  𝜆𝑛 . The series ∑𝑎𝑛  is said to be summable |𝑉, 𝜆| if the sequence  𝑉𝑛(𝜆)  is of 

bounded variation, that is to say 

  

∞

𝑛=1

 𝑉𝑛+1(𝜆) − 𝑉𝑛(𝜆) < ∞                           (1.1) 

The series Σ𝑎𝑛  will be said to be summable |𝑉, 𝜆|𝑘 , 𝑘 ≥ 1, if the series 
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∞

𝑛=1

𝜆𝑛
𝑘−1 𝑉𝑛+1(𝜆) − 𝑉𝑛(𝜆) 𝑘 < ∞. 

For 𝜆𝑛 = 𝑛, it reduces to |𝐶, 1|𝑘  and for 𝑘 = 1 it is the same as |𝑣, 𝜆|. 

If    ∑𝑣=1
𝑛  

 𝑠𝑉  

𝑉
= O(log⁡𝑛) as 𝑛 → ∞ 

then Σ𝑎𝑛  is said to be strongly bounded by logarithmic meanswith index 1 or simply 

bounded [𝑅, log⁡𝑛, 1] we shall write throughout for any sequence  𝜖n . 

We shall have the occasions to write 

Δ𝜖𝑛 = 𝜖𝑛 − 𝜖𝑛+1 

Δ2𝜖𝑛 = Δ Δ𝜖𝑛  

A sequence  𝜖𝑛  is said to be convex if 

Δ2𝜖𝑛 ≥ 0, 𝑛 = 1,2,3, …. 

1.2 MISHRA and SHRIVASTAVA [2] have proved the following theorem: 

Let  𝜓𝑛 is a +ve nondecreasing sequence and  𝛽𝑛  and  𝜖𝑛  are such that 

 Δ𝜖𝑛  ≤ 𝛽𝑛                                        (1.2.1) 

𝛽𝑛 ⟶ 0 as 𝑛 ⟶ ∞                                   (1.2.2) 

  

∞

𝑛=1

 𝑛 Δ𝛽𝑛  𝜑𝑛 < ∞                                (1.2.3) 

 𝜖𝑛  𝜑𝑛 = 0(1)                                      (1.2.4) 

If 

  

𝑛

𝑣=1

 𝑠𝑣 
𝑘

𝑣
= 𝑂 𝜑𝑛 , for 𝑘 ≥ 1                         (1.2.5) 

then Σ𝑎𝑛𝜖𝑛 |𝐶, 𝐼| is summable. 



 International Journal of Advanced Research in  ISSN: 2278-6244 

 IT and Engineering  Impact Factor: 7.436 
 

Vol. 13 | No. 5 | May 2024 www.garph.co.uk IJARIE | 3 
 

Generalized the above theorem for |𝑉, 𝜆|𝑘  summability SHARMA and SINHA [3] have proved 

the following theorem: 

THEOREM B: Let  𝜓𝑛𝑛  be a +re nondecreasing sequence and there sequence  𝛽𝑛  and 

 𝜓𝑛  are such that 

 Δ𝜖𝑛  ≤ 𝛽𝑛                                       1.2.6  

𝛽𝑛 ⟶ 0  as 𝑛 ⟶ ∞                                     (1.2.7) 

  

∞

𝑛=1

 𝜆𝑛  Δ𝛽𝑛  𝜑𝑛 < ∞                                     (1.2.8) 

If  
 𝑠𝑣 

𝑘

𝜆𝑣

𝑛

𝑣=1

  = 0 𝜓𝑛                                      (1.2.9) 

for 𝑘 ⩾ 1 then Σ𝑎𝑛𝜖𝑛 , |𝑣, 𝜆|𝑘  is summable 

where 

𝜓𝑛 =   

𝑛

𝑣=1

𝜆𝑣
−1. 

The object of this paper is to generalized the theorem 𝐴 and 𝐵. 

1.3 THEOREM: Let  𝜓𝑛  is a +ve nondecreasing sequence and the sequence  𝛽𝑛  and  ∈𝑛  

are such that 

 Δ𝜖n ≤ 𝛽n                                      (1.3.0) 

𝛽n ⟶ 0 as n ⟶ ∞                                     (1.3.1) 

  

∞

𝑛=1

𝜆𝑛  Δ𝛽𝑛  𝜓𝑛 < ∞                                   (1.3.2) 

If ∈𝑛  𝜓𝑛 = 𝑂(1)                                                (1.3.3) 
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𝑛

𝑣=1

 𝑠𝑣 
𝑘

𝑣
= 𝑜 𝜓𝑛𝜌𝑛 , 𝑘 ≥ 1                            (1.3.4) 

where 𝜓𝑛 = ∑𝑖=1
𝑛  𝜆1

−1 and  𝜌𝑛  are such type of +ve non-decreasing sequence that 

𝜆𝑛𝜓𝑛𝜌𝑛Δ  
1

𝜌𝑛
 = 𝑜(1)  as 𝑛 → ∞                      (1.3.5) 

then∑
𝑎𝑛 𝜖𝑛

𝜌𝑛
, |𝑣, 𝜆|𝑘 is summable. 

We shall use the following Lemma in the proof of our theorem. 

1.4 Lemma [3], If  𝜓𝑛 ,  𝛽𝑛  and  𝜖𝑛  satisfies the conditions of the theorem then 

𝜆𝑛𝜓𝑛 , 𝛽𝑛 = 𝑂(1)                                    (1.4.1) 

and 

  

∞

𝑛=1

𝛽𝑛𝜓𝑛 < ∞                                     (1.4.2) 

Proof of the Theorem 

Let                               𝑇𝑛 = 𝑣𝑛+1 𝜆; 𝜖𝑛 − 𝑣𝑛 𝜆; 𝜖𝑛  

where𝑣𝑛(𝜆) ∈  is 𝑛th De LaPoussian Pale mean.Then toprove the theorem we have 

  

∞

𝑛=1

𝜆𝑛
𝑘−1 𝐼𝑛  𝑘 < ∞. 

Let Σ′𝑛 is the summation which satisfying that 𝜆𝑛+1 = 𝜆𝑛 ,and Σ′′𝑛 runs over from 𝜆𝑛+1 > 𝜆𝑛  

then  

𝑇𝑛

1

𝜆𝑛𝜆𝑛+1
   𝜆𝑛+1 − 𝜆𝑛 + 𝜆𝑛 

𝑎𝑣𝜖𝑣

𝜌𝑣

𝑛+1

𝑣=𝑛−𝜆𝑛+2

 

when 𝜆𝑛+1 = 𝜆𝑛  then we get 
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𝑇𝑛 =
1

𝜆𝑛+1
 

𝑎𝑣 ∈𝑣

𝜌𝑣

𝑛+1

𝑣=𝑛−𝜆𝑛+2

 

=
1

𝜆𝑛+1
 

𝑣𝑎𝑣 ∈𝑣

𝜌𝑣

𝑛+1

𝑣=𝑛−𝜆𝑛+2

 

Applying the Abel's transformation we have 

𝑇𝑛 =  Σ1 + Σ2 + Σ3  

where 

Σ1 =
1

𝜆𝑛+1
 Δ 

𝜖𝑣

𝑣𝜌𝑣
   

𝑣

𝑟=0

𝑟𝑎𝑟  

𝑛

𝑣=𝑛−𝜆𝑛+2

  

=
1

𝜆𝑛+1
 Δ 

𝜖𝑣

𝑣𝜌𝑣
  𝑣 + 1 𝑠𝑣

𝑛

𝑣=𝑛−λn +2

  

Σ2 =
1

𝜆𝑛+1

∈𝑛+1

(𝑛 + 1)𝜌𝑛+1
 𝑟𝑎𝑟

𝑛+1

𝑟=0

 

=
1

𝜆𝑛+1

𝑛 + 1

𝜌𝑛+1
𝑠𝑛+1 

and 

Σ3 =
𝜖𝑛 − 𝜆𝑛+2

𝑛 + 1 𝑛 − 𝜆𝑛+2)𝜌𝑛 − 𝜆𝑛+2
  𝑟𝑎𝑟

𝑛−𝜆𝑛+1

𝑟=0

 

=
𝑛 − 𝜆𝑛+2𝑠𝑛 − 𝜆𝑛+2

𝑛 + 1𝜆𝑛 − 𝜆𝑛+2
 

Now we shall discuss at Σ1 we have 

Σ1 = Σ11 + Σ12 + Σ13 + Σ14  

where 
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Σ11 =
1

𝜆𝑛
 

Δ𝜖𝑣𝑠𝑣

𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2

 

Σ12 =
1

𝜆𝑛
 

Δ𝜖𝑣𝑠𝑣

𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2

 

Σ13 =
1

𝜆𝑛
 

Δ𝜖𝑣+1𝑠𝑣

𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2

 

and 

Σ14 =
1

𝜆n
  

n

𝑣=𝑛−𝜆𝑛+2

𝜖𝑣+1𝑠𝑣 𝛥  
1

𝜌𝑣
  

so we have to prove, by Bosanquet's inequality that 

Σ1𝜆𝑛
𝑘−1 Σ1𝑟 

𝑘 < ∞ for 𝑟 = 1,2,3,4 

Σ1𝜆𝑛
𝑘−1 Σ2 

𝑘 < ∞ 

Σ1𝜆𝑛
𝑘−1 Σ3 

𝑘 < ∞. 

Now                                       Σ1𝜆𝑛
𝑘−1 Σ11 𝑘  

= Σ1𝜆𝑛
𝑘−1  

1

𝜆𝑛
  

n

𝑣=𝑛−𝜆𝑛+2

 Δ
𝜖𝑣𝑠𝑣

𝜌𝑣
 

𝑘

 

= O(1)  Σ1
1

𝜆𝑛
  

n

𝑣=𝑛−𝜆𝑛+2

 
 Δ𝜖𝑣  𝑠𝑣 

𝑘

𝜌𝑣
  

= 𝑂 1  Σ1
1

𝜆𝑛
  

n

𝑣=𝑛−𝜆𝑛+2

 
 Δ𝜖𝑣 ⋅  𝑆𝑣 

𝑘

𝜌𝑣
 

 Δ𝜖v 
𝑘−1

𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2

   

= 𝑂(1)  Σ1
1

𝜆𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝛥𝜖𝑣  𝑠𝑣 

𝑘

𝑓𝑣
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= 𝑂(1)    

∞

𝑣=1

 
 𝑠𝑣 

𝑘  Δ𝜖𝑣 

𝜌𝑣
  

𝑣+𝜆𝑣−1

𝑛=𝑣

1

𝜆𝑛
  

= 𝑂 1    

∞

𝑣=1

 
 𝑆𝑣 

𝑘

𝜌𝑣
𝛽𝑣  

Now  

  

𝑚

𝑣=1

 
 𝑠𝑣 

𝑘

𝜆𝑣

𝛽𝑣𝜆𝑣

𝜌𝑣
=   

𝑚−1

𝑣=1

Δ  
𝛽𝑣𝜆𝑣

𝑣
   

𝑣

𝑟=1

 𝑠𝑟  
𝑘

𝑟
+

𝜆𝑚
𝛽𝑚 + 1

𝜌𝑚+1
  

𝑚

𝑣=1

 
 𝑠𝑣 

𝑘

𝑣
 

= Σ11
 1 

+ Σ11
 2 

+ Σ11
 3 

+ Σ11
 4 

 

where 

Σ11
 1 

=   

𝑚−1

𝑣=1

 Δ𝛽𝑣𝜆𝑣 𝜓𝑣 = 𝑂 1  

Σ11
(2)

=   

m−1

v=1

𝛽v+1Δ𝜆v 𝜑v = 𝑂(1) 

Σ11

(3)

=   

𝑚−1

𝑣=1

𝛽𝑣+1𝜆𝑣+1𝛥  
1

𝜌𝑣
 𝜌𝑣𝜓𝑣 = 𝑂(1) 

and 

Σ11
(4)

⇒ 𝜆m𝛽m+1𝜑m = 𝑂 1 𝑎𝑠𝑚 → ∞ 

by the condition (1.3.1), (1.3.2), (1.3.3) and (1.3.4) and by the properties of Lemma. So, 

Σ1𝜆𝑛
𝑘−1 Σ11 𝑘 < ∞. 

We discuss 

Σ1𝜆𝑛
𝑘−1|  |

12

𝑘

=  𝜆𝑛
𝑘−1

1

 𝜆𝑛  
 𝛥𝜖𝑣  𝑠𝑣 

𝑣𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2

 

𝑘
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= 𝑂 1  𝛴1
1

𝜆𝑛
   

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝛥𝜖𝑣  𝑠𝑣 

𝑘

𝜌𝑣
    

𝑛

𝑣=𝑛−𝜆𝑛

 
𝛽𝑣

𝑣𝜌𝑣
 

𝑘−1

  

= 𝑂 1  𝛴1
1

𝜆𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 
𝛽𝑣 𝑠𝑣 

𝑘

𝑣𝜌𝑣
  

= 𝑂 1  𝛴1
1

𝜆𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 
𝛽𝑣 𝑠𝑣 

𝑘

𝑣𝜌𝑣
  

= 𝑂(1)    

∞

𝑣=1

 
𝛽𝑣

𝑣

 𝑠𝑣 
𝑘

𝜌𝑣
  

𝑣+𝜆𝑣−1

𝑛=𝑣

 
1

𝜆𝑛
  

Now 

  

𝑚

𝑣=1

 
𝛽𝑣𝜆𝑣

𝑣𝜌𝑣

 𝑠𝑣 
𝑘

𝑣
=   

𝑚−1

𝑣=1

 Δ{
𝛽𝑣𝜆𝑣

𝑣𝜌𝑣
}   

𝑣

𝑟=1

 𝑠𝑟  

𝜆𝑟
+

𝛽𝑚𝜆𝑚

𝑚𝜌𝑚
  

𝑚

𝑟=1

 
 𝑠𝑟  

𝑘

𝜆𝑟
 

= 𝑂 1  Σ12
 1 

+ Σ12
 2 

+ Σ12
 3 

+ Σ12
 4 

+ Σ12
 5 

  

where 

Σ12
(1)

=   

m−1

v=1

 Δ𝛽v 𝜆v𝜓v

v
= O(1) 

Σ12
(2)

=   

m−1

𝑣=1

𝛽v+1Δ𝜆v𝜑v

v
= 𝑂(1) 

Σ12
(3)

=   

𝑚−1

𝑣=1

𝛽𝑣+1𝜆𝑣+1𝜓𝑣

𝑣(𝑣 + 1)
= 𝑂(1) 

Σ12
(4)

=   

m−1

v=1

𝛽v+1𝜆v+1

(v + 1)
Δ  

1

𝜌v
 𝜌v𝜓v = 0(1) 

and 

Σ12
 5 

=
𝛽𝑚𝜆𝑚𝜓𝑚

𝑚
= 𝑂 1  
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as 𝑚 ⟶ ∞ by the hypothesis of the theorem and the property of Lemma so, 

Σ1𝜆𝑛
𝑘−1 Σ12 𝑘 < ∞ 

Again, 

𝛴1𝜆𝑛
𝑘−1 𝛴13 𝑘  

= 𝛴1𝜆𝑛
𝑘−1  

1

𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝜖𝑣+1  𝑠𝑣 

𝑣𝜌𝑣
 

𝑘

 

= 𝑂(1)  𝛴
1

1

𝑛
 

 𝜖𝑣  𝑠𝑣 

𝑣𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2 

 

𝑘

 

= 𝑂(1)  𝛴1
1

𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 ∈𝑣  𝑠𝑣 
𝑘

𝑣𝜌𝑣
   

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝜖𝑣 

𝑣𝜌𝑣
 

𝑘−1

  

= 𝑂 1  𝛴1
1

𝜆𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝜖𝑣  𝑆𝑣 

𝑘

𝑣𝜌𝑣
  

= 𝑂 1    

∞

𝑣=1

 
 𝜖𝑣  𝑠𝑣 

𝑘

𝑣𝜌𝑣
  

𝑣+𝜆𝑣−1

𝑣=𝑛

 
1

𝜆𝑛
  

= 𝑂(1)    

∞

𝑣=1

 
 ∈𝑣  𝑆𝑣 

𝑘

𝑣𝜌𝑣
  

Now  

 
 𝜖𝑣  𝑠𝑣 

𝑘

𝑣𝜌𝑣

𝑚

𝑣=1

  =  
 ∈𝑣 𝜆𝑣 ∣

𝑣𝜌𝑣

𝑚

𝑣=1

 𝑠𝑣 
𝑘

𝜆𝑣
  

 

= 𝑂(1)    

𝑚−1

𝑣=1

 
 ∈𝑣  𝑆𝑣 

𝑣𝜌𝑣
  

𝑣

r=1

 𝑆𝑟  
𝑘

𝑟
+

 ∈𝑚  𝜆𝑚

𝑚𝜌𝑚
  

𝑚

𝑟=1

 𝑆𝑟 
𝑘

𝑟
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where 

= O(1) Σ13
(1)

+ Σ13
(2)

+ Σ13
(3)

+ Σ13
(4)

+ Σ13
(5)

  

Σ13
(1)

=   

𝑚−1

𝑣=1

𝛽v𝜆v𝜓v

v
= 𝑂(1) 

Σ13
(2)

=   

𝑚−1

𝑣=1

 ∈v+1 Δ𝜆v𝜑v

𝑣
= 𝑂(1) 

Σ13
(3)

=   

m−1

v=1

 𝜖v+1 𝜆v+1𝜓v𝜌v ∣

v
 

1

𝜌𝑣
 = O(1) 

Σ13
(4)

=   

m−1

v=1

 ∈v+1 𝜆v+1𝜓v

v(v + 1)
= 𝑂(1) 

and 

Σ13
(5)

=
 𝜖𝑚  𝜆𝑚𝜓𝑚

𝑚
= 𝑂(1) 

as𝑚 → ∞ by the hypothesis and Lemmaso  

𝜀1𝜆𝑛
𝑘−1 Σ13 𝑘 < ∞ 

Σ1𝜆𝑛
𝑘−1 Σ14 𝑘 = 

= Σ1𝜆𝑛
𝑘−1  

1

𝜆𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

  ∈𝑣+1 𝑠𝑣Δ  
1

𝜌𝑣
  

𝑘

 

= O(1)  Σ1
1

𝑛
   

𝑛

𝑣=𝑛−𝜆𝑛+2

 ∈𝑣  𝑠𝑣 Δ  
1

𝜌𝑣
  

𝑘

  

= O 1  Σ1
1

𝜆𝑛
   

𝑛

𝑣=𝑛−𝜆𝑛+2

 𝜖𝑣  𝑠𝑣 
𝑘Δ  

1

𝜌𝑣
   × 
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×     

𝑛

𝑣=𝑛−𝜆𝑛+2

   𝜖𝑣  
1

𝜌𝑣
  

𝑘−1

  

= O 1  Σ1
1

𝑛
  

𝑛

𝑣=𝑛−𝜆𝑛+2

   ∈𝑣  𝑠𝑣 
𝑘Δ 

1

𝜌𝑣
   

= O 1    

∞

𝑣=1

   ∈𝑣  𝑠𝑣 
𝑘Δ 

1

𝜌𝑣
   

𝑣=𝜆𝑛−1

𝑣=𝑛−𝜆𝑛+2

1

𝜆𝑛
  

= 𝑂 1    

∞

𝑣=1

   𝜖𝑣  𝑠𝑣 
𝑘Δ  

1

𝜌𝑣
   

Now, 

  

𝑚

𝑣=1

   𝜖𝑣  𝑠𝑣 
𝑘Δ 

1

𝜌𝑣
 =   

𝑚

𝑣=1

   𝜖𝑣 𝜆𝑣Δ  
1

𝜌𝑣
 
 𝑠𝑣 

𝑘

𝜆𝑣
 

= 𝑂 1    

𝑚−1

𝑣=1

 𝛥   ∈𝑣 𝜆𝑣𝛥  
1

𝜌𝑣
   

𝑣

𝑟=1

 
 𝑆𝑟  

𝑘

𝜆𝐼
+   

  + 𝜖m  𝜆mΔ 
1

𝜌m
   

m

r=1

 
 sr 

k

𝜆r
 

3

  

= 𝑂(1) Σ14
(1)

+ Σ14
(2)

+ Σ14
(3)

+ Σ14
(4)

  

where 

Σ14
 1 

=   

m−1

v=1

𝛽v𝜆vΔ 
1

𝜌v
 𝜌v𝜓v = 𝑂 1  

Σ14
 2 

=   

m−1

v=1

   ∈v+1 Δ𝜆vΔ 
1

𝜌v
 𝜓v = 𝑂 1  

Σ14
 3 

=   

m−1

v=1

   ∈v+1 𝜆v+1Δ
2  

1

𝜌v
 𝜌v𝜑v = 𝑂 1  
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Σ14
(4)

=  ∈𝑚  𝜆𝑚Δ  
1

𝜌𝑣
 𝜌𝑚𝜓𝑚 = 𝑂(1) 

asm ⟶ ∞ by the hypothesis and Lemmaso, 

Σ𝜆𝑛
𝑘−1 Σ14 𝑘 < ∞ 

We get more than 

Σ1𝜆𝑛
𝑘−1 Σ2 

𝑘 + Σ1𝜆𝑛
𝑘−1 Σ3  

= O(1)  Σ1
 𝜖𝑛   𝑠𝑛  𝑘

𝜆𝑛 𝜌𝑛  𝑘
  

= 𝑂 1  Σ1
 𝜖𝑛   𝑠𝑛  𝑛

𝜆𝑛𝜌𝑛
  

Now, 

  

𝑚

1

 
 𝜖𝑛   𝑠𝑛  𝑘

𝜆𝑛𝜌𝑛
=   

𝑚−1

𝑛=1

 Δ  
 𝜖𝑛  

𝜌𝑛
   

𝑛

𝑟=1

 
 𝑠𝑟  

𝑘

𝜆𝑟
+

 𝜖𝑚  

𝑚
  

𝑚

r=1

 
 𝑠𝑟  

𝑘

λr
 

= 𝑂(1) Σ(1) + Σ(2) + Σ(3)  

where 

Σ 1 =   

𝑚−1

𝑛=1

   Δ ∈𝑛  𝜓𝑛  

= 𝑂 1   

𝑚−1

𝑛=1

 𝛽𝑛𝜑𝑛  

= 𝑂(1) 

Σ(2) =   

𝑚−1

𝑛=1

 ∈𝑛+1 Δ  
1

𝜌𝑛
 𝜌𝑛𝜓𝑛 = 𝑜(1) 

and  
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Σ 3 =  𝜖m  𝜑m = 𝑂 1  

 

as m → ∞ by the hypothesis of theorem and the property of Lemma. So, 

Σ𝜆n
k−1 Σ2 

k + Σ1𝜆n
k−1 Σ3 

k < ∞ 

by the reason 

Σ1𝜆𝑛
𝑘−1 𝑇𝑛  𝑘 < ∞ 

where 𝜆𝑛+1>𝜆𝑛 , then we get 

𝑇𝑛 =
1

𝜆𝑛𝜆𝑛+1
  𝜆𝑣 + 𝑣 − 𝑛 − 1 

∈𝑣 𝑣𝑎𝑣

𝑣𝜌𝑣

𝑛+1

𝑣=𝑛−𝜆𝑛+1

 

𝑇𝑛 =
1

𝜆𝑛𝜆𝑛+1
  𝜆𝑣 + 𝑣 − 𝑛 − 1 𝑣𝑎𝑣

∈𝑣

𝑣𝜌𝑣

𝑣

𝑣=𝑛−𝜆𝑛+1

 

Applying the Abel's transformation we get 

𝑇𝑛 =  Σ1
1 + Σ2

1 + Σ3
1  

where 

Σ1
1 =

1

λn2
 Δ  𝜆𝑛 + 𝑣 − 𝑛 − 1 

𝜖𝑣

𝑣𝜌𝑣
 

𝑛

𝑣=𝑛−𝜆𝑛+2

𝑣𝑠𝑣  

Σ2
1 =

𝜖𝑛+1𝑠𝑛+1

𝜆𝑛+1𝜌𝑛+1
 

and 

Σ3
1 =

𝜖𝑛 − 𝜆𝑛+2𝑠𝑛 − 𝜆𝑛+1

𝜆𝑛𝜆𝑛 − 𝜆𝑛+1𝜌𝑛−𝜆𝑛+2
 

So it is sufficient to show that 

Σ′′ 𝜆𝑛
𝑘−1 Σ𝑟

𝑙  𝑘 < ∞ 𝑟 = 1,2,3 
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we get 

∑"𝜆𝑛
𝑘−1 Σ𝑟

′   

= ∑"
1

𝜆𝑛
𝑘+1 |  Δ   𝜆𝑣 + 𝑛 − 𝑣 − 1 

𝜖𝑣

𝑣𝜌𝑣
 𝑣𝑠𝑣

𝑣

𝑣=𝑛−𝜆𝑛+2

|𝑘  

≤ ∑"
1

𝜆𝑛
𝑘+1    Δ   𝜆𝑣 + 𝑛 − 𝑣 − 1 

𝜖𝑣

𝑣𝜌𝑣
 𝑣𝑠𝑣 

𝑣

𝑣=𝑛−𝜆𝑛+2

𝑘

  

 Δ   𝜆𝑣 + 𝑛 − 𝑣 − 1 
𝜖𝑣

𝑣𝜌𝑣
  ≤ λvΔ 

 𝜖𝑣 

vρv
 +  

 𝜖𝑣 

vρv
  

 

such that 

Σ𝜆𝑛
𝑘−1 Σ1

1𝑘  
𝑘

= 𝑂(1)  Σ11
′ + Σ12

′′   

where 

Σ11
′ = Σ"

1

𝜆𝑛
𝑘+1   𝜆𝑛

𝑛

𝑟=𝑛−𝜆𝑛+2

Δ 
 𝜖𝑣 

vρv
 𝑣 𝑠𝑣 

𝑘  

Σ12
′ = Σ"

1

𝜆𝑛
𝑘+1  

 𝜖𝑣  𝑠𝑣 
𝑘

ρv
.

𝜆𝑛 +2

𝑣=𝑛−𝜆𝑛+2

 

Now we discuss 

Σ11
′ = Σ11

′(1)
+ Σ11

′(12)
+ Σ11

′(3)
 

where  

Σ11
′ 1 

= Σ′′
1

𝜆𝑛
𝑘+1   

𝜆𝑣 Δ𝜖𝑣  𝑠𝑣 
𝑘

𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2

  

= 𝑂 (1) Σ′′
1

𝜆𝑛
𝑘+1  

𝜆𝑣𝛽𝑣 𝑠𝑣 
𝑘

𝜌𝑣

𝑛

𝑣=𝑛−𝜆𝑛+2
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= 𝑂(1)   

∞

𝑣=1

 
 𝑠𝑣 

𝑘𝜆𝑣
𝛽𝑣

𝜌𝑣
  

′′

𝑛≥𝑣

 
1

𝜆𝑛
𝑘+1 

= 𝑂 1   

∞

𝑣=1

 
 𝑆𝑣 𝛽𝑣

𝜌𝑣
 

= 0 (1) as we have proved. 

Now, 

Σ11
′ 2 

= Σ′′ 𝜆𝑛

1

𝑘+1   
 𝜖𝑣+1  𝑠𝑣 

𝑘

 𝑣 + 1 𝜌𝑣

𝑛

𝑟=𝑛−𝜆𝑛+2

 𝜆𝑣  

= 𝑂(1)𝛴′′ 𝜆𝑛

1

𝑘+1    

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝜖𝑣  𝑠𝑣 

𝑘𝜆𝑣

𝑣𝜌𝑣
   

= 𝑂(1)   

∞

𝑣=1

 
 𝜖𝑣  𝑠𝑣 

𝑘

𝑣𝜌𝑣
𝜆𝑣   

′′

𝑛≥𝑣

 
1

𝜆𝑛
𝑘+1 

= 𝑂(1)   

∞

𝑣=1

 
 𝜖𝑣  𝑆𝑣 

𝑘

𝑣𝜌𝑣
= 𝑂(1) as we have proved. 

Now, 

Σ11
′ 3 

= Σ′′
1

𝜆𝑛
𝑘+1   𝜖𝑣+1  𝑠𝑣 

𝑘𝜆𝑣Δ 
1

𝜌𝑣
 

𝑛

𝑣=𝑛−𝜆𝑛+2

 

= O 1 Σ′′ 𝜆𝑛

1

𝑘+1    𝜖𝑣  𝑠𝑣 
𝑘𝜆𝑣Δ 

1

𝜌𝑣
  

𝑛

𝑣=𝑛−𝜆𝑛+2

 

 

= O 1   𝜖𝑣  𝑠𝑣 
𝑘𝜆𝑣Δ  

1

𝜌𝑣
  𝜆𝑛

1

𝑘+1

′′

𝑛≥𝑣 

∞

𝑣=1

 

= O 1   𝜖𝑣  𝑠𝑣 
𝑘𝜆𝑣Δ  

1

𝜌𝑣
 = 𝑂 1  as we have proved

∞

𝑣=1
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so, 

Σ11
′ = Σ11

′ 1 
+ Σ12

′ 2 
+ Σ13

′ 3 
= 0 1  

Now 

Σ12
′ = Σ′′

1

𝜆𝑛
𝑘+1   

𝑛

𝑣=𝑛−𝜆𝑛+2

 
 𝜖𝑣  𝑠𝑣 

𝑘

𝜌𝑣
 

= 𝑂 1   

∞

𝑣=1

 
 ∈𝑣  𝑠𝑣 

𝑘

𝜌𝑣
  

′′

𝑛≥𝑣

 
1

𝜆𝑛
𝑘+1 

= 𝑂 1   

∞

𝑣=1

 
 ∈𝑣  𝑠𝑣 

𝑘

𝜌𝑣
 

= 𝑂(1) as we have proved. 

So,  

Σ′′
𝑛
𝑘−1 Σ1

′  𝑘 = 𝑂 1  𝑂 1 + 𝑂 1   

by this reason 

Σ′′ 𝜆𝑛
𝑘+1 Σ1

′  𝑘 < ∞ 

Similarly, 

Σ′′ 𝜆𝑛
𝑘+1 Σ2

′  𝑘 = 𝑂(1) 

as we have proved already for Σ2. 

In the end 

Σ′′ 𝜆𝑛
𝑘−1 Σ3

′  𝑘 = 𝑂(1) 

as we have proved already for Σ3. In this way proved theorem. 
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