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ABSTRACT

1.1 DEFINITIONS AND NOTATIONS
Let 2a,, be a given infinite seriess, as its n'"partial sum. Let A = {\,} be a monotonic, non-

decreasing sequence of natural numbers with 4,,,; —4,, <1 and 4; = 1 The sequence-to-
sequence transformation
n
1
== > s,
n
v=n—An41

defines the generalized de la Vallee Poissin means of the sequence {s,,} generated by the
sequence {4,}. The series Y.a, is said to be summable |V, 4| if the sequence {V}, (1)} is of

bounded variation, that is to say
D W) = %@ < o (1)
n=1

The series Za,, will be said to be summable |V, 4|, k = 1, if the series

Vol. 13 | No. 5 | May 2024 www.garph.co.uk UARIE | 1



International Journal of Advanced Research in ISSN: 2278-6244
IT and Engineering Impact Factor: 7.436

DA ) = YD < o
n=1

For A, = n, it reduces to |C, 1|, and for k = 1 itis the same as |v, 4|.
If 1oy B = 0(logi) asn - o

then 2a, is said to be strongly bounded by logarithmic meanswith index 1 or simply

We shall have the occasions to write
e, = €, — €nsa
A%e, = A(L€,)
A sequence {€,} is said to be convex if
Ae, >0, n=1.23,..
1.2 MISHRA and SHRIVASTAVA [2] have proved the following theorem:

Let {1, }is a +ve nondecreasing sequence and {3, } and {€, } are such that

lae, | < B, (1.2.1)
Pn — 0asn — oo (1.2.2)
> nlag,lg, < (1.2.3)

n=1
len |, = 0(1) (1.2.4)

If

ik

Z v = 0(g,) fork 2 1 (1.2.5)
v=1

then 2a, €,|C,I| is summable.
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Generalized the above theorem for |V, 4|, summability SHARMA and SINHA [3] have proved

the following theorem:

THEOREM B: Let {{),n} be a +re nondecreasing sequence and there sequence {f,} and

{1, } are such that
|ae, | < B, (1.2.6)
Bp — 0 asn-— oo (1.2.7)
> L8l < (1.28)
n=1

= 0(,) (1.2.9)

n
|5, |
If 2
v=1 v

for k > 1then 2a,¢,, |v, A|; is summable

where

n
Vo= A
v=1

The object of this paper is to generalized the theorem A and B.

1.3 THEOREM: Let {1, } is a +ve nondecreasing sequence and the sequence {#,} and {€,}

are such that

|ae,| < By (1.3.0)

Bn — 0asn — o (1.3.1)

Z 2 |BBy |1 < o0 (1.3.2)
n=1

Ifl€, ¥, = 0(1) (1.3.3)
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O syl
Z C = 0ok 2 1 (1.3.4)
v=1
where 1, = Y™, 27! and {p,, } are such type of +ve non-decreasing sequence that
1
AnlpnpnA(p—) =0(1) as n—oeo (1.3.5)
n

then) a;E” , |V, A|kis summable.
n

We shall use the following Lemma in the proof of our theorem.

1.4 Lemma [3], If {1, }, {B,} and {€,, } satisfies the conditions of the theorem then

Anlpnr :8n = 0(1) (1-4-1)
and
Z B, < oo (1.4.2)
n=1
Proof of the Theorem
Let Th = V14 6,) — (4 €,)

wherev, (1) € is n'" De LaPoussian Pale mean.Then toprove the theorem we have

D AL <
n=1

Let = is the summation which satisfying that A,,,; = A,,,and 5 n runs over from A, > A,

then
1 n+1
a,e
Tn Z [(An+1 - An) + An] —
Anln+1 _ v
v=n—An 42

when A, .1 = 4, then we get
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n+1
a, €
T, = 1
n+1 Py
v=n—An42
n+1
1 Z va, €,
An-{-l Py
V=N—An 42

Applying the Abel's transformation we have
T, =[21 + 2 + 23]

where

n+1
1 En+1

= ra
An+1 (Tl + 1)pn+1 z "

r=0

1 n+1

- Sn+1
2-n+1 Pn+1

and

n—An+1
€n — Any2

3 = Z ra
3 n+ 1(77' - An+2)pn - /1n+2 '

r=0

_ n-— An+25n B /1n+2

Now we shall discuss at £; we have

L1 =211 + 212 + 293 + 244

where
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1 v A
Evsv
)
T A Py
v=n—An42
1 <« A
EUSU
Te=g )
A v=n—21n 42 Po
n
¥ i Z AEv—HSv
BT A Py
v=n—An42

and
Ly = E z €vpr1Sy 4 (i)
A i Py
so we have to prove, by Bosanquet's inequality that
21 E | < oo forr = 1,2,3,4
I E, | <
21215,k < oo,
Now Ry

k
n

1 €,S
R Z A—
n pU

v=n—2An42

n
1 Ae,||s, ¥
_o |5t L z A€, |lsy |

An i P
n n
_ 0(1) Zli Z |A6v| : |Sv|k Z |A6-V|k_1
A _ Py _ Py
V=N—An 42 v=n—An42

|k

L1oe e,
=0(1) |zt — Z —
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Z‘” 5,11 |”+ZA”_ 1
S €
=0(1) v v —_
— Py — Ay
v=1 n=v

(o]

ZUI"]

=0(1)

Now
m m—1 v m
Z |5, 1" Budy Z A{IMU}Z ISrI"+/’1m ﬁm+1z |s, ¥
v=1 Av pv v=1 v r=1 r pm+1 v=1 v
_ v 2 3) 4)
=Xy X7 2y 2y
where
z® = Z ABA, P, = O(1)
2
2 = Z Bunibly @, =0(D)
3)
211 - Z ﬁv+1’1v+1ﬂ< )pvlpv - 0(1)
and

Zﬁ) = AnPm+1Pm = 0(1)asm - ©
by the condition (1.3.1), (1.3.2), (1.3.3) and (1.3.4) and by the properties of Lemma. So,

I EF < o,

We discuss
k
1 n
k A€, |ls
ey -, 3 el
12 v=n—A,42 P
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1 & a6 lls )
=0(1) 21/1— Z —_— .
n v=n—2An42 Py v=n—A1, VPy
N ]
1 s, |¥
An vpy
v=n—An42
. )
k
S
A vpy
v=n—An42
[ o K v+i,—1
S
o[y £ELS L
— vV Py L Ay
_v—l n=v
Now
m
Z IsI z A{Bv }Z ISI Z |s,|¥
- mom — Ay
= r=1
=o)[zf + 25 +3F + 57 + 5
where
AB, A
z:(1) Z | ﬁvl vlpv _0(1)
< B
2 = Z bl _ o)
v
v=1
X Boridvsr¥
3 _ v+17v+1 %y
> _ 1
12 Z v(v+1) =0
v=1
“4) _ Z Bv1dv+1 (1) _
> —A— =0(1
12 4 v+ 1) 0, Py (1)
v=1
and
A
2 = fntnn_ o)
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as m — oo by the hypothesis of the theorem and the property of Lemma so,

SIS, P < oo

Again,
DRy Ll DY
k
n
— 21/‘{]{—1 l z |EU+1||SU|
"o Vpy
v=n—An42
n
sl y e llsy|
=0(1) n v,
v=n—An42
" n k-1
ot z €, lsy | z €, |
n Vpy Vpy
V=N—An 42 v=n—An42
n
—om|rt Y le.lIS, 1"
n va
v=n—Ay42
[ o kv-I-lv—l
—0() Z l€vllsy z 1
— VP, — Ay
_v—l v=n
)y €415, ¢
o] Vpy
Now
m m
y le,lls,1¥ 3 €12, 1 Is, 1
i vpy i vpy A
m—1 v m
€, IS Sk e, |2 S|k
—o(1) Z I v”lel I +I mlmzl I
- Vpy & T mpy, & T
v=1 r=1 r=1
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1 2 3 4 5
= o)z +2% + 323 + 2% + 2]

m—1 ﬁ /1 ll}
2y = ) 2B — o)
v=1 v
m—1
2:(2) _ Iev+1|A/1v<pv _ 0(1)
13 — - .=
v=1 v
C leilbatn, | (1
GV v VIV
Zg) _ +114v+1 Py O (_) — 0(1)
~ v Py
O 1€0stAyth
4 v+1174v+1 %y
YL = —=0(1
13 —~ v(v+1) )
and
) _ lemlAmhm
I3 = — = 0(1)

asm — oo by the hypothesis and Lemmaso
A2 5]k < 0

DAL Z |k =

1 < 1 ‘
= lefl—l 7 z €ut1 SvA (_)
An Py
v=n—Ay42
k
n
1 1
=0 [21=f Y leisia (<)
n| Py
v=n—An42

n

1 1
—o[s'={ > |ev||sv|kA(—) x
An Pv

V=n—Ay 42
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Now,

where
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v=A,—-1

Y iedsta(l) Y
IS, Ay

| v=1 v=n—An42
. 1
> |ev||sv|kA(—)‘
- Py
Ly=1
m m
1 |s
e llsla(=) = lelna(>)
v=1 v v=1 v
-1
S 1\ IS, 1
=0 |y alera(—)
- Pv /11
v=1 1
3
Hewltna ()Y
Cm i\ om/ Lo 7
r=1
1 2 3 4
= o[z + 25 +3§ + 3

-1
1 _ N 1

2:14 = Z ﬁv)-vA <_> pvlpv = 0(1)
~ Py

-

3

@) 1
2:14 = |ev+1|AAVA (_) d’v = 0(1)
- Py
v=1
m-—1 1
Zgi) = |Ev+1|/1v+1Az <_) PvPy = 0(1)
v=1 pV
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1
£ = e 1An A(p) Ptbm = O(1)

asm — oo by the hypothesis and Lemmaso,
SATHE* < oo
We get more than
DR DR o R R

l€nllsnl”]

=0() |2 ———
WP Zalp.l

l€nllsn]"]

Atpn |

=0(1) _21

Now,

m—1

m
z lenllsal* _ z (IEn )z |s,|* Iemlz |5, |¥
npn oy m v }\r

=0()[ZD +1@ + 5@

where

m—1
X0 = Ae,l,
n=1

= ommz_ Buthn
n=1

=0(1)

m—1
2) 1
X = Z |En+1|A —_ pnlpn = 0(1)
~ Pn

and
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® = lenlon = 0(1)

as m — oo by the hypothesis of theorem and the property of Lemma. So,
EARTHZ N+ AT [N < oo
by the reason
TIAT | < o0

where 4,,,1>1,, then we get

1
T ! ri A, + 1) €y Vo
= v—n-—
" Anln+1 Y=n—Apai1 7 Vpy
T, ! i (A, + 1) S
= V—n-— va
T Ay Anat o v Yvp,

Applying the Abel's transformation we get

T, = [2] + 23 + 23]

where
1 n
€
= " z A{(/ln +v-n-—1) v;,,}vs"
v=n—An42
21 — En+1Sn+1
2 An+1pn+1
and

€n — /1n+25n B /1n+1
Ann = An41Pn-Ant2

2} =

So it is sufficient to show that

YA <0 =123

Vol. 13 | No. 5 | May 2024 www.garph.co.uk UARIE | 13



International Journal of Advanced Research in
IT and Engineering

z s,
1 v
€
:Z"Akﬂ Z A{()lv+n—v—1)vv}vsvlk
n V=n—Ay42 v
v k

1 €y
SZW z ‘A{(/lv+n—v—1)vp}vsy

V=n—Ay42
€ €
ra(1=) (=)
VPv VPv

€
A{()ly+n—v—1) U}
| .

such that

_ k ’ "
IATEH = 0(1) [214 +240]

where

n
’ " 1 |€'U|

Yy =2 0/ Z A, A v|s, |
11 Aﬁ+1 n <va> |v|

r=n—An42

2
L1 eyl 1
n

Now we discuss
' (1 "(12 "3
5=+ (P 420

where

1 = A lAe s, ¢
z:1(11) — Z” Z v viiop

k+1
An v=n—An 42 Pv
n
" Avﬁvlsvlk
=02 Z e
" v=n—An42 v
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> s, k4, Fv 1

=0 ) =)
v=1 Py nzy "

S

_o ) IS:IBe
— Py
v=1

= 0 (1) as we have proved.

Now,

1 n k
"(2) Iy l€pt1lSyl
27 =3 A E —
H " (w+Dp, ™

r=n—An42

1 n
= 01" 2 Z

V=n—An42

leulls, |2,

vp,

"

e lls, |k 1
_ 0(1)2 T’l”z e
v=1 v n=v n

€, 1S, |
=0(1) Q- 0(1) as we have proved.

v

v=1
Now,

n

1
z |€v+1||Sv|k/1vA <_>
Py

v=n—An42

’(3) "
A§+1

1 n

"o 1 1
=o' 7 Y ledis 2.0 ()}
Pv

v=n—2An42

"

0 1 1
= 0(1) ) le,lls, 12,8 (—) ) A5
o~ Pv

n=v

v

C 1
=0(1) Z le,l]s, KA, A (p ) = 0(1) as we have proved
v=1
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so,
=5 P 45 P+ = 0(1)
Now
n
’ ” 1 IEUHSUIk
T, =2 Tt —
" V=n—An42 P
O lells 1
=0 ) )
v=1 Py nz
> e s, |6
oy ulls|
~ Py
= 0(1) as we have proved.
So,

"

2 R = oo@ +o(D)]
by this reason
A B < o

Similarly,

ST, = 0(1)
as we have proved already for Z,.
In the end

25 = 0(1)
as we have proved already for Z3. In this way proved theorem.
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