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Abstract: In this article we are concerned with Existence and Uniqueness of Solutions for a
Class of Linear Elliptic Equations of Dirichlet Problem in Divergence Form. We obtain
Weak Solutions from classical solution for equations by relaxing the Conditions on the
solution and on the data f of the given problem.
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INTRODUCTION

In this paper, we are concerned with the following elliptic problem:

L(x, DYu = Xogol y1e (D! D! (as, ()D"w) = f in Q — (1)
AndD*u =0 forlal<k—1 onadQ > (2)

Basic Concepts and Some Definitions:

Definition for Soboleve space: [ [*2]

The Soboleve space WP (Q) consists of those functions f in LP(Q) such that all the
distributional derivatives of f of order at least k and they are also in L? (Q), or

wkr(Q) = {f € LP(Q)|D*f € LP(Q) for all |a| < k}

Definition for Partial Differential Equation:

A partial deferential equation is an equation involving an unknown function of two or more
variables and certain of its partial derivatives and an expression of the form is
F(D*u(x),D*¥u(x),...,Du(x),x) =0 V x € Q

It is called a k" order partial differential equation where

FIRY xR™ ' x ..x R* x Rx Q — R, itis given and
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u: Q — R, it is the unknown function. The Soboleve spaces are useful tools to solve partial
differential equation.
Remark:
There is an important notation “Well — posed problems” in Partial Differential Equation
Theory (PDET). Roughly a given problem of PDE is well posed if

a. The problem has in fact a solution

b. The exists solution is unique

c. Exists solution depends continuously on the data given in the problem.
The condition (c) of particular importance in its application of problem arising from
Differential Geometry and Physics:
Basic Theorems and Definitions:
Definition for Class Functions:
Let p > 1itis areal number, Q it is an open subset of R" for n > 1, and then
LP (Q) = {Class of functionsv: Q — R such that |v(x)| < C almost everywhere x € Q}

Equipped with the norms

1
vl = (J,lvCIPdx)? — (L)
And ||[v|l,q = inf{C, such that |[v(x)| < C almost everywhere x € O} —(1.2)
Moreover for any 1 < p < oo the dual of L? (Q)(The set of all bounded linear functional) can

be defined with L7(Q) where q, it is the conjugate number of p such that % + % =1

Definitions:

1. The class of local function is that, the set of functions v defined on Q such that for

any Q' c Q bounded such that one has v € L7(Q)included and denoted by 7. (Q)

loc
2. The support of a function f, it is defined as supp f =The closure of the set {x €
Q//fx#0and
supp f = {x € Q|f(x) # 0}
3. The space of functions infinitely differentiable in with compact support in Q and
denoted by D(Q)

Definition for Weak or Distributional:

Let a, it is a multi index and supposes that u,v € Li,. (@) and [, u(x) Din(x)dx =

(=DM L v(x)n(x) dx V1 € C5 ()
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Then v, it is called the weak or distribution partial derivative of u in Q, and it is denoted
by DZu

Notes:

a.

If u(x) sufficiently smooth to have continuous derivative of DZu, by integrating use
integrating by parts [, u(x) DEn(x)dx = (=)l Jor)n(x)dx , and hence the
classical derivative 9%, it is also the weak derivative and also DSu it may exist in the

weak sense without existing in the classical sense.

b. In the soboleve space W*P(Q), letu € LP(Q) and u € W*P(Q), if for any multi
index a such that |a| < k, D“u exists in the weak sense and belongs to L? (Q2)

c. Ifp =1, the notation W*?(Q), becomes W*1(Q), and if p = 2, the notation H* () it
is used as H*(Q) = Wk2(Q) > (1.3)

d. And also the letter H certainly stands for H¥, it is a Hilbert Space

e. We also certainly define W,“? (Q) as in the definition of L _(Q) that is we define the
norm of W*P(Q), as1<p <

o llully, = Il v, = Ziamk JolDattl? dx = Tjo < IDa el » (1.4)

g. And for p = 2, we define an inner product by
(W) = Xjarzk o, Dart(x) v(x) dx » (1.5

Examples:

1. For1l < p < o, we have

1
. ou |P P
lullyy = {folul? + Ziy [7 axf’
. 1
. ou |P 9%u p
lull,, = {fQ|u|P + 2, o, dx + Xii-1 505 dx} , and so on
Wy = {u € WrP|u, — u € WkP(Q), for some sequence (u;,) € Cg(Q)}

2. LetQ it is an open subset of R", and denote by H'(Q), it is the subset of L?(£), and it
is defined by H'(Q) = {v € L*(Q)|9,,v € L*(Q), for all i = 1,...,n}, where 9, v, it is
the derivative of distribution sense.

3. In what follows we will be in deed of functions vanishing on the boundary d0Q of Q.

However for a class of functions in L?(Q), the meaning of its value on 4, it is not

clear. So we will overcome this problem by introducing

HL(Q) = {The closure of D(Q) € H'(Q)} = {m € Hl(g)}
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4. The closure being understood for the norm (1.4) and also Hg (), it will play the role of
the function H (), and it vanish on 90

5. The dual space of H{ (), and it is denoted by H~* (), i.e.,

H () = (HE (9))* > (L6)
Theorem —1:

If £ €L}, (Q) such that D%fexists, for every a,|a| < k and if g € C¥(Q), and then fg

admits all weak derivatives up to order k and also
a

D(fg) = Sjer=k () 0P gD f > (17)

Where @ > f and (g) = —g!(:[ig)!

Theorem — 2 — (Holder’s Inequality) (91, [23], [11]
If f and g, they are measurable functions defined on Q and p and g they are conjugate and
then

J\fgldu=lIfglly < lifl,llgll >  (1.8)
Definition for L2 (Q):

Let Q it is an open subset of R", and let w:Q — R™, it is a continuous function and then

define

L2 ={uec(@) Jy 0@ ux)?dx < 0} > (1.9

And also the inner product is defined by (u, v) = [ @(x)[u(x)|v(x)dx

The space L2 (Q), it is the completion of 12, (Q)

Theorem — 3:

The Fourier transform Fit is a homeomorphism from H*(R") onto the weighted
space L2 (R") where w(e) = 1 + |e|?* and denotes L%, it is weighted L?> space implies
that D(R™), it is the dense in H* (R™)

Definition for Embedded:

Let Y, Z, they are Banach spaces, and say Y, it is continuously embedded in Z and writes !
Yo Z,and if Y c Z, and then there is a constant C such that

lull; < Cllully,V u€Y

v

(1.10)
Definition for Compactly Embedded:
Let X,Y, they are Banach spaces such that X, it is continuously embedded inY and say

that X, it is compactly embedded in Y, and denoted by X ¢ Y, and also if the unit ball in X,
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it is pre compact in'Y, or, equivalently, every bounded sequence in X, it has a sub sequence
that convergence in Y

Lemma — 1 — (Ehrling’s Lemma): (8]

Let X,Y, Z, they are Banach spaces. Assumes that X, it is continuously embedded in Y and Y,
it is continuously embedded in Z, i.e. X ©¢ Y & Z, and then, for every e > 0 there exists a
constant C(¢) suchthat ||x|ly < ellx||x + ||xl|;,V x € X

Remark:

Assume that it is bounded and H*(Q) ¢ H*=1(Q) then the following norms on H*, they are

equivalent
lullfz = Ziai<ID ull3 > (1.11)
lullfz s = Dia=eID ull3 + llull? > (112)

And also by the Poincare’s Inequality we can easily verify that in the space HY, we simply
leave the norm ||u||2, and also ©, it is need not be bounded, it suffices that it to be bounded in
one direction

Theorem — 4 — Poincare’s Inequality [2). (31, 141, 8. 121

Let Q it is contained in the strip |x;| < d < co. Then there is a constant C, depending only

onk and d, such that [lullZ , < C Y= lIDull}, u € H§ » (1.13)

Remark:
For p € [1, ), the above result holds. In other words satisfies the hypothesis of theorem — 4

and then there is a constant C, depending only on k d, and p, such that

lullf2 < € Zja=clD ull3, w € Wy > (114)
Notations Used in this Article:

Let Q, itis an open subset of R™, and u: Q — R and Q, itis a function and Q it is assumed
to be connected bounded if not specified otherwise: Without specification, we always assume

that u, it has enough derivatives and we use the following notation for derivatives:

ou 9%y
Du = (Dlu, Dru, ...,Dnu), Diu = a_xi’ Dl-ju = m , and also

Au =Y, D;u = 0, and it is called The General Laplace Equation.
We also use multi index notations for further research in this article as follows:
a. A vector of the form a = (a4, a3, ..., @,) wWhere @; € Ny , it is called the multi index

of the order |a| =Y ;

lal
b. For a given a multi index a, define D*u(x) = p o u

al an
Xq o w0xy
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c. For any m € N, denoted D™u(x) = {D*u(x)||a] = m}, the set of all partial
derivatives of order m, and also regard D™ u(x) as a point in R™" (with any specified
order) and
| D™ u(x)|? = jaj=m| D*ulx)|?

Whenm = 1 then Du = (Dyu, D,u, ..., D,u), it is the Gradient operator that is

1

2\2 5 %
|Vul =< j=1 ) =( j=1[Dyu| )

d. Whenm = 2 then D*u = D;u asn x n matrix and it is called Hessian of u

ou
6Xj

Linear Elliptic Equation: !

The symbol of the expression L(x, D), itis given by L(x,i§) = X|41<m e (x)(i§)%, and also
the principal part of the symbol is LP (x, i) = Y4 |=m e (x)(i§)*

Example:

Consider the second order PDE in two space dimensions

Lu = a(x,y)uy, + b(x, YUy, + c(x, y)uy, +dx y)u, +e(x, y)uy, + f(x, y)u = g(x, y)

The principal part of the symbol of L, it is LP(x,y,i&,in) = —a(x,y)&% — b(x,y)&n —
c(x, y)n?

This can be represented in matrix formas LP = [¢ 7]

—a(xy)  —3b(x) ]
—3b(ey)  —cCoy) |1
Definition for Elliptic at a Point:

A differential operator of order m, it is elliptic at x,, if and only if

LP (x0,8) = Xjaj=m aa () (i§)* # 0,V & € R"/{0}

Lemma - 2:

If a linear partial differential operator L of order m, it is elliptic at x, € R"*, forn > 1
then m, it is an even integer (m = 2k) and ¢ — LP (x,, &), it is continuous and takes on the
value 0, onlyaté # 0

Proof:

By the definition assume that, ¢ — LP (x,, &) it is continuous and takes on the value 0, only
até =0

Suppose LP (xg,¢é) < 0 and LP (xy, &) > 0, and then connect & and &,, using a path not
going through 0, as noted: L (x,, ) it must vary continuously along the path, taking on the

value 0, this is contradiction to our assumption
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It now follows that, for any & € R™, LP (x(, &) and LP (x5, —&) = (—1)™LP (x,, §), they must
have the same sign. This implies that m, it is an even integer

Definition for Elliptic in Domain:

Let Q € R", it is a domain and we say that a linear partial differential operator

L(x,D) = ¥aj=2k @ (x)§*0,V x € Q, & € R" /{0} » (1.15)

And also L, it is uniformly Elliptic in Q and if there exists a constant © > 0, such that
L(x,D) = (—1)* ¥|g=2k e (x)E% = B[¢|?K, ¥ x € O, € R"/{0} ——— (1.16)
Definition for Divergence: 2 (%!

An operator is divergence form if there are functions a,,: Q@ — R, and then

L(x, D)u = Yoo 19 (—1D'°'D? (a,, (x)D7u) > (1.17)

Remark:

An operator in divergence form is Elliptic if and only of

Yioivi=k €7 (agy (X)€) > 0,vx € Q,& € R"/{0} > (1.18a)
And also the operator is uniformly Elliptic if and only if there exists a constant © > 0, such
that

Yoty =k €7 (agy ()E7) > B¢1%F, vx € 0, & € R™/{0} > (1.18b)
Lemma - 3:

Let

aq € C)7K(Q), fork < |al < 2k, and > (1.19)
a, € Cp(Q), forlal <k > (1.20)

And then there exists a,, € C,°'(Q2), such that for every u € €2 (Q), we have

L(x,D)u = ZlalSZk a,(x)D%u » (1.21)
And L(x, D)u = 31 (DD (a,,, (x)D7u) > (1.22)
Proof:

For every |a| < 2k, choose o, and y,satisfying |o,|,|v.| <k and alsoo, +y, =
Note that this choice of choosing is not unique, and now for any u € C**(Q) and ® € D(Q),
we get

Jo LGx, DYuddx = ¥jq 1<k [y (D Wa, Bdx =¥\ 1<k [, (DT W) a(, 14y, Bdx

= [, L(x, D)uddx = ¥4k J, D7* (DY*w)a(s, +y,) Bdx , Using integration by parts we get
= [, L(x,D)u@dx = Yiaj<k (= Dloe! Jo(DY*u)D [, +y)?] dx
= [i L(x, DIuddx = 341 (D! [ (D) 3,5, (?) D% [y, 4y,)]DP B dx
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= fﬂ L(x,D)u@dx =

222k pso, (- DI7HPL L (DP) (C;a) Yp<oa D7 Aoy tyyy DY u] B dx

= [, L(x, D)uddx = Yooy 1 (D7D [a,, (x) D7 u]@dx

Note that the last equality is a definition holds ¥ @ € D(Q), and hence completes the proof
1. Existence and Uniqueness of solution of Dirichlet Problem

2. The Dirichlet Problem — Types of Solution

Definition for Classical Solution: [ ¢}

Let Q c R", it is a bounded domain and suppose f € C,(Q), it is given. A function

u € CF*(Q) n F2*~1(Q) , itis a classical solution of the Dirichlet problem 2 21 [4] 115]
If L(x,D)u = Togo) 15 (—D'Da,, (x)D"u] = f in Qand—— (2.1)
Du=0 for|la|<k—-1ind » (2.2)

One of the most important ideas of the Modern Analysis is that we want to guarantee the

existence of solution to a problem; it is usually easier to do so in a “Bigger” space of
functions. This is clearly the case with the classical Dirichlet problem, although we might
expect a solution to hall all of the smoothness suggested at first. The first step in relaxing
the conditions on the solution is to state the problem in terms of Sobolev Spaces.

Definition for Strong Solution:

Let Q c R™, it is a bounded domain and suppose f € L?(€Q), it is given. A function

u € H*(Q) n H{(Q) , it is a strong solution of the Dirichlet problem, if
L(x, D)u = Yogopp1=(—D'Da,, ()D"u] = f in Q > (23)

Notes:

1. We have relaxed the conditions not only on the solution u,but also on the data f, and
the space L2(Q), it is certainly the obvious space for f, once we have relaxed the
conditions on u, so the additional generality will come along “For Free” (In fact, we
will be able to weaken the conditions on f, each time we relax the conditions on the
solution, as we shall see below)

2. For classical solution, the differential equation (D.E. 2.1) is taken to hold in a point —
wise sense. For strong solutions, (D.E. 2.3) is understood either in terms of equivalence
classes (The right and left sides of the equation represent the same equivalence class of

sequence in the L?(Q) norm) or in a “almost everywhere (a. e) sense”
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3. Instead of imposing boundary conditions explicitly as we did in the classical problem,
we have incorporated then into the H¥ (Q), in the new problem
4. By combining the previous observations we see that the new problem is indeed a
generalization of the classical problem, i.e. any classical solution of the Dirichlet
problem is also is a strong solution.
We now take further steps in weakening the condition on solution of the Dirichlet problem:
We state the problem in variational form. The first step is create a bilinear form from the

differential operator Lusing integration by part

Let us take L(x, D)u = Yoo y1<(—1DID[a,, (x)DYu], and then

Jg ®Ludx = Yoqo =D [ 0D [a,, (x)DYu] dx > (2.4)
By using integration by part, we get

Jo BLudx = Yogo = (DI (=DM [ (D°B)[ag, (x)D"u] dx

= [, OLludx = Yooyl (=D fé(D"@)[aJy (x)DYu| dx

= [, OLludx = Yool iyl (— 12! fé(D“@)[aJy (x)Du| =

Yo<iallyize Jolaey ()DYu] (D B)dx

Define B[v,u] = [ [a,, (x)DYu](D?v)dx

To be bilinear form associated with the Elliptic Partial Differential Operator (EPDO) L, and
also B[v, u], it is well defined for u and v that are merely in H*(Q)

Definition for Weak Solution:

Let O c R™ it is a bounded domain and suppose suppose f € H7%(Q), it is given. A
function

u € HE(Q) , it is a weak solution of the Dirichlet problem, if

Blv,u]l = f(v) v € H§(Q) > (2.5)

And also by (2.4) (Forv € HE(Q) in place of @ € D()), we conclude that any strong

solution of the Dirichlet problem is automatically a weak solution. However, since we require
so much less smoothness of weak solutions than strong ones, it will be far easier to show that
if Q, f, and the coefficients a,,, they are sufficiently “Nice” the weak solution is in fact, a
strong solution or a classical solution.
The Lax — Milgram Lemma’ [t [£3]
Let H, it is a Hilbert space and let B: H X H — R, it is a bilinear mapping and supposes that

there exists a positive constants c¢; and c, such that
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|Blx, ¥l < cilxllgllylly, v x,y € H » (26)
And Blx,x] = ¢, ||x||4 V x € H > (2.7)
Then, vV f € H* and there exists a unique y € H such that
Blx,yl=f(x), Vx€H > (2.8)

Furthermore, there exists a constant C , independent of f, such that ||y|ly < ClIf ||+
Note:
A mapping B, satisfying *2.7) for some ¢, > 0, it is called coercive

We now prove the basic energy or coercivity estimate for the elliptic Dirichlet problem.

Lemma —5:
Let f,g € S(R™), and then (f, g) = (£, §)
Proof:

since (f,g) = [;. f(0) g@)dx = [, f(x) [, 9 e dxdi =

i 9 fi fGIeFrdx dg = (f,9) = [, F0O) g€ = (f,) , and hence completes
the proof

Lemma - 6:

L?(R™), it is a Hilbert space with inner product (f, g) = fQ fg

Proof:

By the lemma — 5 it is obviously true

Garding’s Inequality: [41. T3], [20]

Let Q it is a bounded domain with the K extension property. Let L(x, D), it is linear partial
differential operator in divergence form of order 2k such that for some ©>0, and then the

uniform ellipticity condition holds. Also supposes that

Ay, € Cp (Q),v lo| = |y| = k, and > (2.9)
asy €LZ(Q),V ol lyl <k > (2.10)
Then there exists constants ¢; and A; = 0, such that

Blu,u] + )lGIIuIIiz(m > C3||u||12_1km),v u € HE(Q) » (2.11)

This inequality we can prove easily by using Holder’s inequality (For the complete proof see
[9])

Remarks:

In the proof of Garding’s Inequality: we have the following results
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3

1. When u € HY(Q), the results of Garding’s inequality B[u,u], it is splitting into
principal part and lower order terms, i.e. B[x, x] = I; + I, where
I = Yio1=ty =k J ey CODYu| (D w)dx; I, =
Yo<iollyigelol+ly 1<k Jo[@oy )DYu](D7u)dx

2. Let B(x,,6), for some x, > 0 and sufficiently small and then I, whenu € HX(Q) ,
we have
Iy = 111 + 115, where

it = Yiol=tyl=k Jgn oy (X0)DY u](D°w)dx , and also

Iiz = Xigi=ly|=k Jpu[@oy (D agy (x0) — DYu](Du)dx
3. Continue with the estimate of I, in the general case when u € Hf (Q), we use the

partition of unity, so that by covering Q with the finite collection of balls:
B; =B(x,8;) fori=1,2,..,m withx; € Qand 6; > 0

From the remarks, we conclude that when 1;, it is the partition of unity on Q subordinate to

1

2 2 . .. .
: ) , in this situation we have

Xy

the covering B; and then the set ¢,;(x) = (

a. 0<¢;(x)<1
b. ¢; €eC*(B;NQ)
c. Y™, ¢pZ=1V x€Q,and
d. w; =u¢; € Hy (B))
Garding’s inequality is easily verified for second order PDE M je. in this case

where L(x, D), it is the second order differential operator of the form

L(x,D)u = ZU 7z, & (x) + N 16 b;(x) + c(x)u > (2.12)

With the corresponding bilinear form

Blv,u] 5 o @i () uy, vy dx+f Yis1 bi () uy,vdx + [ c(x) uvdx —»(2.13)

In this case we do not need to use either Fourier transforms or the partition of unity
technique, and the proof can be carried out under weaker hypotheses on the higher order
coefficients.

Theorem:

Let Q it is a bounded domain and let L(x, D), it is the second order differential operator in

divergence form of the formed described in (2.12) such that for >0, the uniform ellipticity
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condition holds. Also supposes that a;;, b, € L*(Q), fori,j=1,..,nand k =0, ...,n, and

ij
then there exists constants c; and t; = 0, such that

Blv,u] + Tgllu”iz(ﬂ) > 03||u||1211(m where B, it is defined in (2.13)

Proof:

By using uniform ellipticity condition and Holder’s inequality we get

Bluu] = =37 [, a; (x) Uy, Uy, dX + Jo X1 b () uyudx + [ c(x) u’dx

To be bilinear form associated with elliptic partial differential operator L, as in (2.13) we
have

Blu,u] =2 O |Vu|?dx + [} 37y by (x) uyudx + [ c(x) u*dx

= Blu,u] = O |Vu|?dx — [ |b;()uy,u| dx — [ |c(x)u?| dx

= Blu,u] = 0 |Vu|?dx — X7 115 ()l 1= o) [, [t 1| dx = Il oy [, u* dx

= Blu,u] =

Jolvul?dx = by (Ol )y (S [ee, u| dx + -+ 11by (Ol @) = S |, | dx =

lcQl o ) fylul® dx

Choose max||b; (x)|| ;= ), We get

Blu,u] = O |Vul*dx — max||b; (x) | = (@) Xizq [ [, | dx — e GOl ) S lul? dx

= Blu,ul = @ J; |Vu|2dx — maxl|b; ()l (o) £y fj 1tz |l dx = @l oy f lul? dx
= Blu,u] 2 0 [ [Vu|?dx — max||b; ()l ) Xi=1 [y |Vullul dx — lleG)ll = ) S lul® dx
Use (2.12), and Poincare’s inequality, we get

= Blu,u] =

0 J;IVau|2dx — maxllb; (O ll= oy f |l Vael? + - [ul?| dxe = lleGo)ll= oy S ul? dx

max ”bi(x)”Loo

= Blu,u] > @f('IIVuIde — emax||b; ()= @) J, [IVuI2 - - @) félulzdx] dx —

cxl oo udy

max ”bi(x)”LOO Q)

Take T = »

and % = emax||b; (x) || = o), Substitute in as above inequality we
get

= Blu,u] = [@ —g] Jolvul*dx — (c5 + c)|ul?] [ lul*dx (By lax Milgram inequality
and given c3)

since [@ — 2] [ [IVul?dx — (cs + c)[uf?] f[ul? dx = 2 f;|Vul2dx — 75 l[ull3

0 (. 0
= Blu,ul > 5 [, |Vul?dx - g lull3 = 5 1Vull3 — 7o lull
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Again use Poincare’s inequality we get
= Blu,u] = csllullf, — 7¢llull5 , and hence completes the proof
2.4 Existence of Weak Solutions

In this stage, we ready to prove our basic existence result for weak solutions

Theorem:

Let L(x, D), it is the linear partial differential operator in divergence form of order 2k,
satisfying the hypothesis of Garding’s Inequality and then there exists 7; = 0 such that, for
any

> 15 and f € H7¥(Q), the Dirichlet problem for the operator

L(x,D) = L(x,D) + > (2.14)
It has a unique weak solution u € H¥ (). Furthermore, this solution satisfies

llulliz < Cllfll-k.2 » (2.15)
Proof:

By Garding’s Inequality, there exists 7, = 0, such that the elementary inequality

ab < ga? + 41_£b2 where a,b > 0 and ¢ , it is too small

Since ¥ > 74, and also B[u, v] = Blu,v] + 7(u, ) 2(q) > (2.16)
Equation (2.16) is a bilinear form associated with the operator L

To prove that B, satisfies the hypotheses of Lax — Milgram lemma

Let H = H}(Q) and u,v € H, and then

|§[u,v]| = |Blu,u] + ©(u, v)| < |Blu, v]| + |T|(u, v)

Since|B[u, v]| + 11w, v) = |Logoriy =k Sy [0y (DY uDv]dx| + ||(u, v)

= |Blu, v]| + 17|(w, v) < Xogol,ly<k f!'l|aay (x)||DVu||D“v|dx + |7 (u, v)

= [B[u, v]| + |71, v) < Togioly =k J, MaXo<io),jy <k SUP|agy (X)| IDYul|D7v|dx +
17| (u, v)

= |B T < “|DYul|D°® T
|Blu, v]| + || (u, v) < ogﬁ;r}?;ﬁgclla“””Lw(ﬂ) Yo<lolly|<k fQI ul||Dv|dx + |T|(u, v)

= |Blw,v]| + [T|(w, v) < Cllvlinllully
= Blu,v]=cllx||4, ¥V x €H

Again by Garding’s inequality, we have
Bluu] = tllull; + Blw, v] = csllull

Thus B satisfies B[x,y] = f(x),V x € H,i.e. B[x,x] = ¢;||x||?,V x € H
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Thus, Lax — Milgram lemma guarantee that V f € H=% = H*, and then there exists a unique
weak solutionu € H of the Dirichlet problem, and that the solution satisfies the
estimate [|ullx2 < ClIfll-k2

Hence completes the proof.

CONCLUSION

In this research article we conclude that existence and uniqueness solution for a class of
linear elliptic equations of Dirichlet problem in divergence form will be obtained in weak

solution condition.

FUTURE IMPLEMENTS

From this article any one will do non linear uniqueness of weak and also strong solution for
elliptic equations of higher order in divergence form of the Dirichlet problems
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