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ABSTRACT
In this paper, we have proved a coupled fixed point theorem in
partially ordered metric spaces by employing a contractive condition.
Our results generalized and extent the work of Bhaskar and
Lakshikhantham [1].
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§1. INTRODUCTION

The notion of coupled fixed pint was introduced by Chang and Ma [2]. Since the, the
concept has been of interest to many researchers in metrical fixed pointtheory. Bhaskar and
Lakshimikantham [1] established coupled fixed point theorems in a metric space endowed
with partial order by employing contractive condition. Harjani et al. [4] established some
fixed point in partially ordered metric space by using contractive condition of rational type.
Motivated by works of Bhaskar [1] and Harjani [4], in the present paper we have proved a
coupled fixed point theorem in partially ordered metric space by employing some notion of
Bhaskar [1] and Harjani [4], in the present paper, we have proved a coupled fixed point
theorem in partially ordered metric space by employing some notions of Bhaskar and
Lakshmikantham [1] as well as a rational type contrction. The result of our theorem

generalised and extended the work of Bhaskar and Laxminathan [1].

Let (X,d) be a metric space. An element (X,y) I X *~ X is said to be a coupled
fixed point of the mapping f : X~ X ® X if
f(x,y) = x and f(y,x) =y
Suppose (X ,p) be a partially ordered set and f : X~ X ® X we say that f has

the mixed monotone property if f(X,Y) is monotone nondecreasing in X and monotone
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nonincreasingin Y , thatis "X,y I X,
"X, X, I X, %, px, B f(x,y)p f(X,Y)
and
V¥, I X yypy, Pof(xy)E fxy,)
Definition 1. Let (X,£) be a partially ordered set and F : X" X ® X . The

mapping F is said to have the mixed monotone property if F is monotone nondecreasing

in its first argument and is monotone non increasing in its second argument, that is for all
XX, I X, X £ X, implies
F(xl,y) £ F(xz,y) forany Yy I X,
and forall y,,Y, I X ,y, £ Y, implies
F(x,y)? F(X,Y) forany X I X,
Theorem 1. Let (X,p_,d) be a partially ordered complete metric space. suppose

f: X~ X ® X be acontinuous mapping which has the mixed monotone property such

that
d(f(x.y), fu,v)pafdou) + d(u, f(x,y)}
+bd(x, f(x,y) + cd(u, f(u,v) (3.3)
for every two pairs of points (x,y),(u,v)i X" X such that X' U and
c .
— 1 (02).
1- (a+Db) @1

Proof. Choose an arbitrary pair (xo,yo)i X X and set
X, = f(XYo) Y, = f(¥gXg) and we can choose x2,y2i X such that
X, = f(x;,y;) andy, = f(y;,X,) therefore
2 —
f (Xolyo) - f(f(xo,yo),f(yo,xo))

= Txpy) = X,
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and F2ygXo) = F(F(VgXo), F(XgYo))
= flypx) =y,
Due to mixed monotone property of f we obtain,
X, = 2o ¥g) = YD f(XgYg) = X,

y, = F2y, %) = Ty, x) P f(¥yX,) = Y,

In general, we have thatforn I N,
Xor1 = F77 oY) = F(E (X0 Yo) £ (Vg X))
Yorr = F77 oY) = F(E (V%) £ (Xg,Yo))
d(x,, X)) = d(f(x,,y,) F(X, 1 Ya. )
pafd(x,.x, )+ dx, . fx,.y,)}
+od(x, f(x .y )+ cd(x _ , FOX Y, )
pafd(x,.x, )+ dX, X, )b bd(x .x, )+ cdx, ..x,)
p @+ b)d(x ,x ,,)+cdXx, X )

C

A0 X)R T

(Xn- 1’Xn)

Similarly we have

Ay, Yn) = A X)) T, 10X 1)

C 7 \
d(Xn’Xn+1) + d(yn’yn+1)gmg(xn’xn— 1) + d(yn’yn- 1)%

C

O R

Then we have,
2 n
dpld,_,pl7d, ,peeced Td,
If dy = 0, then (X,Y,) is a coupled fixed point of f .
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Suppose that do > 0, Then for each I N .Wwe obtain by triangle inequality

d(Xn’xn+r) + d(yn’yn+r)g[d(xn’xn+1) + d(Xn+1’Xn+2)
+ ><><><><><>d(Xn+r- 1’Xn+r):I

Q% + q1+1+ XX)O(XXCL+I’- 1

I "1- 1"d
(1 |)°®0, ne® ¥

therefore {X_} and{y } are Cauchy sequences in (X,d). Since (X,d) is a

* * A
complete metric space, there exists X ,VY I X suchthat

- *
lim X, = X
n® ¥

and limy = Yy~ we now show that (x",y")is a coupled fixed point of f
n® ¥

* * e
Let € > O continuity of T at (X ,y ) implies that for a given > > 0, there exist a
d> 0 suchthatd(x",u),d(y,v) < d implies

d(F(x"y"), f(u,v) < %
@ do

X, }® X and{y }® y fork = mlné—,—;> 0,
2 25

there exist Ny, M, such that for N * Ny, M3 M, we have d(Xn,X*) p k and

O'
d(Xm,X*) P K thereforeforn I N, n 3 max{n,,m,}
d(f Oy ) xR d(FCY )X, ) + A%, X))
* * * e
=d(f(x,y ), f(x,y,)) +d(x ,,x)p 57 kpe

from which it follows that

fxy)=x.
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In a similar manner we can show thatf(y ,X )=y .

Hence (X ,y ) is a coupled fixed point of T .
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