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Let [Ebe a homogeneous Banach space of distributions and m(E, E)e the space of
multipliers from [E Jto [E]. It is shown that [m(E, E)lis isometrically isomorphic to the dual
space of a certain Banach space of continuous functions.

1. INTRODUCTION

In [4] and [5] some results of Fourier Analysis, known for [L#, [C|(the space of
continuous functions), [M|(the space of measures) and Orlicz spaces etc., were studied for
Banach spaces of distributions (briefly called BD-spaces). In [2], spaces @( 1<p<o)
were defined and it was proved that in our notation) is isometrically
isomorphic to the dual space of @ In this paper, we aim to extend this result to
homogeneous BD-spaces. In section 3, we define the space|A(E, E)and prove that if Elis a
homogeneous BD-space, then [A(E, E)lis also a homogeneous BD-space. Next, we show that
the space of multipliers fn(E, E)lis isometrically isomorphic to the dual space of [A(E, E).

2. DEFINITIONS AND NOTATIONS

We refer to [1] for all the standard definitions, notations and assumptions. By [G], we
shall denote the circle group R/2mZ. All our functions and distributions are assumed to be
defined on the circle group [Gl. By D], we shall denote the space of all distributions on [G|

A Banach space [Ejwill be called a Banach space of distributions or a BD-space, if it is
continuously embedded in [D|; and regarded as a subset of D], it satisfies the following
properties:

2.1) C® C E;(2.2) fEE>Tf €E and || Tef lg=
I f g forallx € G;(2.3) fEE>fVeEand I fVlg=1If lg

Where [fV(u) = f(u¥)|for eachfu € C®and u¥(x) = u(—x)for all x € G.

The spaces LA( 1 <p < od), [(], M and Orlicz spaces etc. are all BD-spaces.
Throughout this paper, [Ewill always denote a BD-space.

A BD-space [E|is said to be homogeneous if for every |f € E], the function

b = Tyf fis continuous from [G Jto [E]

Let [FEdenote the set of transforms [fof elements [flof a BD-space [E. Then by [(E, E)we

denote the set of all complex valued functions [g on [Z such that
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If eE> ¢ f € FE|]
Such functions g lare called multipliers of type [(E, E).

To each p € (E,E), there corresponds a multiplier operator [Uy(see [1, 16.2]) from
[E Ito [E, defined by the relation

UsN)"=¢-f, VfEE
By an m-operator of type [(E, E), we shall mean a linear operator [U [from [E }to [E Jsuch that
U(Ty * f) = t + Uf]

for each trigonometric polynomial tand each [f in E|. By jm(E, E)lwe shall denote the set of all
m-operators of type|(E, E)| If[U € m(E, E), then its norm is denoted by || U llmgg-JIt can
easily be proved that U € m(E, E) fiff U = U, for some |p € (E, E)(see [1, 16.2]).

3. THE SPACE
In this section, we define and discuss the space [A(E, E)land prove that m(E, E)lis

isometrically isomorphic to the dual space of [A(E, E)|.
3.1. Definition
Let [fbe a homogeneous BD-space. The space [A(E, E)jis defined as the subspace of

[C Jconsisting of those functions h which can be represented as

| h=X2, fi*gi |wherelf; € E,|g; € EX

[

I fi llg Nl gi llg= < oo

]

Note that if [E [is a homogeneous BD-space, then [E¥is also a BD-space and [f; * g; € C|by
Theorem 1 and Theorem 3 of [4]. The norm of [ |in [A(E, E)is taken as

| B llaesy=inf ) I fi el gi N,
i=1

where the infimum is taken over all the representations of i

3.2. Lemma

Let Ebe a homogeneous BD-space and [U € m(E, E)|. Then there exists a sequence
{hp}32, Jin [C*°Jsuch that, for each [f € H|

|lim nowhn* f = Ufand for eachn,ll hnp* f llge SN U llmeEn ll f ”E-l

Proof. Let and let be an approximate identity composed of

trigonometric polynomials [, such that || k,, ll; < 1 define hy, = Uky,|
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m = 1,2,3,...,which are also trigonometric polynomials. Then, for [f € E|,

Il Ukp * f llg<Il kn * Uf lg<Il kn 110l Uf llg<Il U gl f llg]

for every n. Further
hn* f=Uky*f =ky*Uf > Uf|
inE asn - o
3.3. Theorem
Let [E be a homogeneous BD-space. Then [A(E, E) fis also a homogeneous BD-space.
Proof. [A(E,E)lis clearly a normed linear space. To prove the completeness, suppose that

{hn}2,lis a Cauchy sequence in [A(E, E). Now, choose a subsequence [{u, }lof [[h,,} lsuch that

1
‘" Un+1 — Un llaEn< on n=123,..

From the definition of[A(E, E)|, we can find { fa, ]'} in Eland [gn, i} mE*|(j=123,.)

such that

O wm=) furgp@ ) 1 filel gy <l lagnt 1
i J

=C+1 (say),

Un+1 —Un = Zi fn+1,j * On+1,j (i)

1
2 N faraj Ul gnesj lee< ok

Set fu = u; + Y. (Upt1 —up). [Thenlu € A(E, E), since

(v) XN fojlgll g1j g+ Z Z Il fros1,j IEN gnaa,j =< C + 2.
n )i

Letle > 0Jand [N Jbe such that R~V < g Then, for

n
Il u = Unsq lagey =l u—[ug + Z (Ur+1 — ur)] lagr

r=1
[o0)
<D Wy el groa e

r=n+1
oo
< Z 27T < el
j=n

Therefore, [fu,Jconverges to fu fin |[A(E, E). Hence A(E, E) lis a Banach space.
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is continuously embedded into because

Il hn o < | R llae,E) for every h € A(E, E) since [Clis continuously embedded into D,

A(E, E) is countinuously embedded| in D. Furthermore, since |[C® c E,C*® c E¥.

Now, leth € A(E,E)and 1efY¥2,  f; * g;)be a representation of . Then, for each

x € G,
Teh = X2,  fi* gil Since [Ty f; € E|and || Tef; llz = Il f; g for every x € G,|we obtain
that, for every

Z I Tefi gl g ||E*=Z I fi gl gi llg=< ool

L L

Hence, for each ix € G|, Tyh € A(E, E) |and || Tyh llae.m=I h llakr] Making use of

(2.3) for [E]and both, we obtain without much difficulty that and
I RV acg.e0= Il I llace,m.JHomogeneity of [A(E, E)follows from the homogeneity of [, since
l Txf; — f; lz— O for each i,implies that
N Txh — h llage) < 3 1 Tefi — fi el gi e+ 0]

Thus, |[A(E, E)lis a homogeneous Banach space of distributions.
3.4. Theorem Let [E|be a homogeneous BD-space. Then is isometrically
isomorphic to the dual space of [A(E, E). The span of translation operators on [E Jis weak
dense in n(E, E)|.
Proof. Suppose [U € m(E, E)|. Define the linear functional [Ton [A(E, E)by

T(h) = Z Ui * gi(0),

where Jf;*g] is a representation of [ as an element of
[Tis well defined, i.e., [T (h)lis independent of the particular representation of h chosen. To see

this, suppose that 32, f; * g; = Olis a representation of DJas an element of [A(E, E)|. Choose
a sequence satisfying the conclusions of Lemma 3.2. Then,

<o)

Uf; * gi(0), = lim Hx,z hy * f; % 9i(0),
i=1

=

Since the series D72, hy * f; * g;(0),]is convergent uniformly over the set of natural
numbers and, for each i, in E as n Again, |h, € C¥andX2, fi* gi,

Converges in C.

Hence,
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D bt firgi@= ) [ (G gD ()] dx = J (=S f; * 9i6)
i=1 i
=0,

=0
Thus, [T Jis well defined. Further,

|T(h)|sz | Uf; * gi(0) 'SZZ NUF e gi Ng<I U lmeey X1 fi eIl gi llg-

The above inequality holds for all representations of 4. Hence,

| T(R) 1=1 U liml R llaep))]
This implies that [Tis continuous on and

(3.1) T NI U lgm)
Further, (see [3, 4.4])
[ B2 IUlgn<supsup GCIfIlg<1lglg <1}

<supsup {:l hllgep <1} =IT I

From (3.1) and (3.2),

T 1=1 U g5

In order to show that U - Tlis onto, suppose that[T € A(E, E)¥. For|g € E¥, define the linear
functional f - T(f * g) on E. Since [T € A(E,E)*

(3.3) ITE*DI<UT I gl g lg]

Since [E*is the dual space of [E, for each g € E*,|there exists a unique element pf E*, lsay Ug,
with Ug(f) =Ug * f(0) = T(f * g)| Now, for|g € E*and any trigonometric polynomial [,
Ut*g)*fO)=T(t=*f=*g)

=Ugq(t > £H(0)
=|Ug * ) * £(0)

Hence, Ut * g) =t *Ug)where [g]and [t]are as

above. This shows that[U € m(E*, E*), and hence,

U(t+xg) =t*Ug =Ut*g)

Now [U4, being a trigonometric polynomial, lies in [E. So,

I(3.4) Ut(g"\) =Ut*g(0) =T(t * g), Vg € E*]
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Now, (3.3) yields
TU@D I<IT N lETgY g Vg € EY]
which shows that for every trigonometric polynomial [t],
IATEIVATRAT]
Since [C*]is dense in [E], Ucan be uniquely extended to [E land
WUFUg<UTIIf g, Vf € E|
Hence, U € m(E,E) and (3.4)] will be true even if t is replaced by any [f € E.
| Uf xg(0) = T(f = g)lfor all[f € Eand [g € E¥,
Hence, Its follows that-

h) = YUf; * g;(0), |whenever §f; * gj]is a representation of an element h € A(E,E).

Since the mapping [U = Tiis norm preserving, it is one-to-one and proves the main part of the

theorem.
Now suppose that
u(h) =>Ufi * gi(0
Where[Yf; * gi is a representation of an element | of A(E,E)|. For each [x € G,
T, € m(E,E), and therefore, [pr (h) = h(—x) now, if 0[for every fx € G|, then
lh = 0]and hence T(h) = 0]. For all Tlg (A(E, E))Y An application of the Hahn-Banach
theorem shows that the span of {¢.: x € G}fis dense in[A(E, E)*with the weak topology. In

view of the first assertion, this proves that the span of translation operators is weakly dense in

m(E, )l
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